The paper is devoted to coverings by translative homothets and illuminations of convex bodies. For a given positive number α and a convex body B, g α (B) is the infimum of α-powers of finitely many homothety coefficients less than 1 such that there is a covering of B by translative homothets with these coefficients. h α (B) is the minimal number of directions such that B can be illuminated by this number of directions except for the set whose Hausdorff dimension is less than α. In this paper, we prove that g α (B) ≤ h α (B), find upper and lower bounds for both numbers, and discuss several general conjectures. In particular, we show that h α (B) > 2 d−α for almost all α and d when B is the d-dimensional cube, thus disproving the conjecture from [10] .
Introduction
Let B ⊂ R d be a convex closed body with a non-empty interior. The family of homothets F = {λ 1 B, λ 2 B, . . .}, λ i ∈ (0, 1), forms a translative covering of B if B ⊆ ∪ i (λ i B + x i ), where x i are translation vectors in R d . The general question is to find necessary conditions on coefficients λ i for existence of a translative covering.
We define g α (B) and g α (d):
is a convex body .
Soltan in 1990 formulated the following conjecture which is also stated in [10, Conjecture 2 of Section 3.2].
Conjecture 1 (Soltan) .
In [30] , Conjecture 1 was proven for the case d = 2. In [24] , the asymptotic version of the conjecture was proven for any α, namely, it was shown that lim For each d-dimensional convex body B, g 0 (B), as defined above, stands for the minimal number of smaller homothets sufficient to cover B. There is extensive literature devoted to finding and bounding this number for various cases of convex bodies. The biggest open problem about this number is the Hadwiger conjecture (also known as the Levi-Hadwiger conjecture or the GohbergMarcus-Hadwiger conjecture, see [20, 15, 14] and surveys [10, Section 3.3] , [23, 3] ).
Conjecture 3 (Levi, Hadwiger, Gohberg-Marcus). For any convex d-dimensional body B, g 0 (B) ≤ 2 d .
It is easy to check that g 0 (B) = 2 d for a d-dimensional parallelepiped and it is also conjectured that g 0 (B) < 2 d for all other convex bodies. Conjecture 3 is known to be true for centrally symmetric bodies in R 3 [19, 29] and several special cases of convex bodies in higher dimensions [28, 7, 8, 5, 2, 32] .
The general upper bound (1)) are direct consequences of the Rogers' lower bound on the density of coverings of the Euclidean space by translates of a convex body [25] and the Rogers-Shephard inequality [26] (see [6, 27, 9] for details and [21] for a different approach leading to the same bound). For a long time, only very minor improvements of this bound were known [12] . Recently, the sub-exponential asymptotic improvement of this bound was shown in [17] :
Boltyanski [4] and Hadwiger [16] found the connection between the problem of covering by smaller homothets and the illumination problems. Here we follow the approach of Boltyanski. For a convex d-dimensional body B we say that its boundary point x is illuminated by an oriented direction l if the ray from x along the direction l intersects the interior of B. The set of directions L = {l 1 , . . . , l k } is said to illuminate B if each boundary point of B is illuminated by some direction from L. By h(B) denote the minimal cardinality of L illuminating B. Then, as shown by Boltyanski, h(B) = g 0 (B).
We suggest an approach generalizing the illumination approach of Boltyanski. Denote by h α (B) the minimal size of the set of directions L such that it illuminates all boundary points of B except for the set whose Hausdorff dimension is less than α. In this paper we establish the connection between g α and h α and find new upper and lower bounds for these numbers in the spirit of classical results on covering (illumination) numbers g 0 (h 0 ).
The paper is organized as follows. In Section 2 we show how to prove that g α (B) ≤ h α (B) and several statements about illumination numbers h α : we prove that h α (B) ≥ d + 1 − α for a d-dimensional convex body B and talk about the case of smooth B. Section 3 is devoted to the lower bounds on covering numbers g α . In particular, we prove that, for d ≥ 3, g α (B) ≥ d − α ln 2 d and find lower bounds for the direct product of convex bodies. In Section 4, we explain why d-dimensional cubes provide a counterexample to the general version of the Hadwiger conjecture formulated for α > 1 in [10, Section 3.3] . In Section 5, we use the new covering bound [17] and the classical approach of Rogers to find various upper bounds for covering numbers g α . It appears that for sufficiently large α covering by smaller homothets leads to exponential improvements compared to the standard covering number g 0 . On the other hand, as we show in this section, for some α it can be more efficient to use homothets of two unequal sizes.
Illuminating convex bodies
In this section, we establish the connection between covering numbers g α and illumination numbers h α and discuss various bounds for h α in the spirit of classical results and conjectures. 
. This implies y + δ 1 v ∈ int (B) and, subsequently, y must be illuminated by the direction v. Hence B δ 1 ,δ 2 contains all non-illuminated points on the boundary of B.
We want to show that
, is precisely the set of all non-illuminated points on the boundary of B. Firstly, we can show that any interior point of B does not belong to B 0 . For such a point x, there is an open ball with the center x and a radius contained in B. For simplicity, we consider the sets with δ 1 = δ 2 = δ. Then the homothet of B with the center −δv will contain the ball with the center (1 − δ)x − δv and the radius (1 − δ) .
which is less than (1 − δ) for a sufficiently small δ so the ball from the homothet contains x. Now we want to show that any boundary point y, illuminated by a direction v, also does not belong to B 0 . If y is illuminated by v, then there is δ 1 ∈ (0, 1) such that y + δ 1 v ∈ int (B). Then one can find δ 2 ∈ (0, 1) such that
. Therefore, y does not belong to B δ 1 ,δ 2 and does not belong to B 0 .
For the next part of the proof, we will show that, given δ 1 , δ 2 , ∆ 1 ∈ (0, 1), ∆ 1 < δ 1 , there exists ∆ 2 ∈ (0, 1) such that the intersection of the homothet −δ 1 v + (1 − δ 2 ) int (B) with B is a subset of
. Consider x from this intersection, i.e. x ∈ B and x = −δ 1 v + (1 − δ 2 )y, where y ∈ int (B). Then
so that ∆ 2 and α are both from (0, 1) and γy + (1 − γ)x ∈ int (B), we get
The statement above implies that, given 
we choose an arbitrary positive number less than min i {δ 1i }. As ∆ 2 we take the minimal number that can be obtained by the method described above for all triples δ 1i , δ 2i , ∆ 1 . This way we guarantee that For the union of all these homothets, there exist, as was shown above, ∆ 1 and ∆ 2 such that B ∆ 1 ,∆ 2 is a subset of this union. If we add h α (B) homothets covering B \ B ∆ 1 ,∆ 2 , we obtain a covering of B. The sum of degrees α of the homothety coefficients for this covering is
This value can be made as close to h α (B) as possible and, therefore, g α (B) ≤ h α (B).
Note that, for α = 0, h 0 (B) is just h(B) and, due to Hadwiger and Boltyanski, there is equality in Theorem 1. One can conjecture that this is the case for any natural α ≤ d but we will show in Section 4 that this is not true even for cubes.
The results from [4, 14] also imply that h(B) ≥ d + 1 for any d-dimensional convex body B. We generalize these results for h α (B).
For the proof of this theorem we will use the notion of shadow boundaries (see [22] for more details on the subject).
L . In terms of illumination, Γ(B, L) is the set of points on the boundary of B that are not illuminated by any direction from L.
Proof of Theorem 2. Since h α (B) ≥ h α (B), it is sufficient to prove the theorem for integer α. We consider an arbitrary illumination of B by d − α directions and we want to show that the set of non-illuminated boundary points of B has a non-zero α-dimensional Hausdorff content.
Let L be a linear subspace formed by arbitrary d − α − 1 directions. Its dimension is no greater than d − α − 1. The shadow boundary Γ(B, L) is not illuminated by either of these directions. The α-dimensional content of Γ(B, L) is not 0 because the α-dimensional content of the boundary of π L (B) is not 0.
To finish the proof it is sufficient to show that the Hausdorff dimension of the points from Γ(B, L) not illuminated by the last direction is at least α as well. Denote the unit vector of this direction by u. If v = π L (u) is 0, then u does not illuminate any points from Γ(B, L) so we assume v is not 0. Denote by V the line {tv | t ∈ R}. We consider the projection π L+V = π V • π L . The image of B under π L+V has a non-zero α-dimensional content. Now we note that for each point of this image its preimage under π L+V which is not illuminated by u. Therefore, the set of all points not illuminated by u has the dimension of at least α as required.
For the next theorem, we will consider smooth convex bodies. By a smooth d-dimensional convex bodiy we mean a convex body such that there is a unique supporting hyperplane through each point of its boundary.
The key property of illuminations of smooth convex bodies is the following lemma.
Lemma 2.1. The set of boundary points of a smooth convex body illuminated by directions defined by unit vectors u 1 , . . . , u M is the same as the set of boundary points of the body illuminated by directions defined by all unit vectors from the non-negaitive cone
Proof. One set is trivially a subset of the other one. Hence we only need to show that if a point x on the boundary of a smooth convex body B is illuminated by the direction a 1 u 1 + . . . + a k u k , k ≤ M , all a i > 0, then it is illuminated by at least one of a 1 , . . . , a k .
For a boundary point x of B, there is a unique interior normal vector n x . We can show that x is illuminated by a unit vector u if and only if u · n x is positive. Indeed, x is definitely not illuminated by the direction of −u because −u and B are separated by the supporting hyperplane at x. If x is not illuminated by u as well, then the line defined by u is a supporting line and is contained in some supporting hyperplane which is not orthogonal to n x . This would contradict the uniqueness of the supporting hyperplane at x. If x is illuminated by the unit vector u = a 1 u 1 +. . .+a k u k , all a i > 0, then n x ·(a 1 u 1 +. . .+a k u k ) > 0. Therefore, at least one of n x · u i is positive and x is illuminated by u i .
The next result will be proven modulo a conjecture about shadow boundaries. Levi [20] showed that the covering number g 0 (B) is precisely d + 1 for a smooth d-dimensional convex bod B (this is also true for B with a smooth belt [11] ). We will show that Conjecture 4 implies the general result for all positive α.
Denote M = d + 1 − α . We will consider sets of linearly dependent unit vectors u 1 , . . . , u M such that the non-negative cone formed by these vectors generates a linear subspace L of dimension M − 1. For each L it is possible to find such a set of vectors. By Lemma 2.1, the set of points not illuminated by u 1 , . . . , u M is precisely the shadow set Γ(B, L).
If Conjecture 4 is true, there exists an In Section 4, we will show that this conjecture is in fact false for all α ∈ [2, d−2] for d-dimensional cubes when d ≥ 8. We also note here that Conjecture 5 is always true for α = d − 1 even for general convex bodies B. In order to prove this, it is sufficient to find two opposite directions, i.e. a linear subspace of dimension 1, such that the shadow boundary of B with respect to this subspace has a zero (d − 1)-dimensional Hausdorff content. This result follows from the paper of Steenaerts [31] mentioned above. The conjecture of Bezdek for α = 1 remains open.
Concerning the upper bounds for illumination numbers

Lower bounds on covering numbers g α
In this section we prove lower bounds on g α (d). Although we do not know how to prove Conjecture 2, we can still find out more about the sum of the powers of coefficients than the general asymptotic proved by Naszódi [24] .
Theorem 4. For d ≥ 3 and any
Proof. It is sufficient to consider only integer α. We will prove a slightly stronger statement. Instead of coverings of a convex body B, we will consider families of its homothets covering the boundary of B and we will prove this lower bound for the sum of α-powers of homothety coefficients for such families.
The proof is done by induction for d. The base is for d = 3. For α = 0, there are needed at least 4 homothets to cover the boundary of B. For α = 1, we can project everything to an arbitrary plane and, from the proof of Soltan's conjecture for d = 2 [30] , use g 1 (2) ≥ 2 > 3 − ln 2 3. The sum of surface areas of convex bodies is not smaller than the surface area of a convex body they cover. Using this with 1 > 3 − 2 ln 2 3 we get the statement for α = 2. For α = 3, the right hand side of the inequality is negative. Altogether, the base of induction for d = 3 is true.
For α such that d − α ln 2 d ≤ 1, the statement holds immediately so we assume that α <
. As mentioned earlier, the sum of surface areas of convex bodies is not smaller than the surface area of a convex body they cover. Hence homothety coefficients of the covering λ 1 ,. . ., λ k satisfy
holds, the statement of the theorem is true. Hence it is sufficient to consider the case when λ
. Let l be the line connecting an arbitrary point in the interior of B with the homothety center for B and the largest homothet in the covering. We consider the orthogonal projection to l ⊥ . Projections of homothets are homothets of the projection of B covering the boundary of this projection. By the induction hypothesis, the sum of the α-powers of the homothety coefficients should be at least
. Note that the projection of the largest homothet is strictly inside the projection of B. Hence we get
It remains to show that
Hence it is sufficient to prove
, we are left with
which is true for any d ≥ 6 and any real α <
. For d = 4, 5 we use that α must be integer and only α = 0, 1 satisfy the inequality α <
so the inequality above is true in these cases as well.
We note that this result generalizes the result of Naszódi [24] since, for a fixed α, lim The following proposition, in some sense, confirms Conjecture 2 by showing that if the lower bound works for some convex body P then it works for all direct products of P and any other convex body and for a certain range of values of α.
Proof. Let P ×Q be covered by k smaller homothets P i ×Q i with respective coefficients λ i , 1 ≤ i ≤ k.
Consider the indicator functions 1 i : Q → {0, 1}, 1 ≤ i ≤ k, such that 1 i (x) = 1 if x ∈ Q i and 1 i (x) = 0 otherwise. For a fixed x ∈ Q, the set of homothets such that x ∈ Q i forms a covering of
Integrating this inequality over all points x ∈ Q we get
From this proposition, if Conjecture 2 is true for a d-dimensional convex body P and α, i.e.
Generalized Hadwiger conjecture and cubes
In this section we show that Conjecture 5 does not generally hold for cubes. 
Proof. Consider an arbitrary unit vector a = (a 1 , . . . , a d ) . The set of points on the surface of the cube illuminated by the direction of a is completely defined by the signs of coordinates of a. Without loss of generality we assume a 1 , . . . , a l > 0, a l+1 , . . . , a m < 0, a m+1 = . . . = a d = 0. Then the interior points of the (d − m)-dimensional face T a of the cube with coordinates (t 1 , . . . , t d ) such that t 1 = . . . = t l = 0, t l+1 = . . . = t m = 1, t m+1 , . . . , t d ∈ (0, 1) are illuminated and all interior points of faces containing T a are illuminated as well. No other points are illuminated by the direction of a.
If, instead of the vector a, we use a unit vector a such that a 1 , . . . , a l > 0, a l+1 , . . . , a d < 0, the direction will illuminate at least as much on the surface of the cube as the direction of a so we may assume that a has no 0 coordinates. In this case T a is a vertex of the cube. Therefore, each illumination direction corresponds to the vertex defined by signs of the vector of illumination. We consider the set of h directions illuminating all interior points of α-dimensional faces and denote their corresponding vertices by x 1 , . . . , x h . We assume h ≤ 2 d−α to get a contradiction at the end.
We would like all interior points of α-dimensional faces to be illuminated so each α-dimensional face contains at least one of x i , 1 ≤ i ≤ h. At this point we note that the number of α-faces of the d-dimensional cube is Since h ≤ 2 d−α , we get that there is no α-face containing at least two of the points x i and h is precisely 2 d−α . This means that for any two points x i and x j , i = j, |x i − x j | ≥ α + 1 (in the Hamming metric) because otherwise they would both belong to the same α-face defined by the d − α coordinates where they coincide.
The set of points x 1 , . . . , x h forms a binary code with h = 2 d−α points and the minimal distance ≥ α + 1. We can use any packing bounds for binary codes to check whether this is possible. One of the standard bounds is the Hamming bound claiming that the size of a binary d-dimensional code with the minimum Hamming distance l is no greater than
, where t = l−1 2 [18] . Using this bound for our set of points we get
We want to get a contradiction and show that the inequality does not hold for d ≥ 8 and 
In the first case, In the fifth case, we prove the inequality separately for even and odd α. For the first part, assume α is even so α = 2l and d = 2l + 2, l ≥ 4. We want to prove Apart from giving a counterexample to Conjecture 5, Theorem 5 also shows that h α is not always equal to g α . Due to Proposition 1, we know that for any integer α
On the other hand, we can always cover a unit d-dimensional cube by 2 d twice smaller cubes so
From these two observations, we conclude that
almost all values of α and d.
What appeared to be false for illuminating numbers h α still seems plausible for covering numbers g α so we formulate the following generalized Hadwiger conjecture. 
Upper bounds on covering numbers g α
In this section we prove upper bounds for g α (B) using various approaches to the Hadwiger conjecture. As an easy application of the asymptotic bound for g 0 (B) [17] and the trivial inequality g α (B) ≤ g 0 (B), we immediately get the following proposition. This trivial consequence of the covering bound may be improved when α is large enough with respect to d. Theorem 6. There exist universal constants c 1 , c 2 > 0 such that
for any d-dimensional convex body B and any positive number α > Proof. In order to prove this theorem we use the statement following directly from [17, Proof of Theorem 1.1, p. 9]: there is a universal constant c > 0 such that for any d-dimensional convex body B, any λ ∈ (0, 1) and an arbitrary parameter β ∈ (0, 1), B can be covered by no more than
This statement immediately implies that
for any λ, β ∈ (0, 1).
Choosing β = 1 − Proof. We use one of the main results of [27] : any convex d-dimensional body B can be covered by no more than
Vol(B−H)
Vol(H) θ(H) translates of a convex d-dimensional body H. Here we use this statement for a centrally symmetric B and H = λB so θ(H) = θ(B). Therefore, for any λ ∈ (0, 1),
Taking λ = d−α α we prove the bound of the theorem.
As a consequence of Theorem 7, the Rogers' bound for the covering density implies that g α (B) ≤ . For a standard covering number g 0 , it is not important how large the size of each translate is so we may as well increase each translate to the interior of B. When α > 0 this is not anymore the case. In fact, it appears that if we use the strategy of Rogers from [25] but keep the small size of some of the translates and adjust the covering parameters then we can improve the bound on g α , even if α is not larger than 
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